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1 Introduction 


We work over an o-minimal expansion M= (A^, 0,1, ) of a real 

closed field N. Definable means W-definable (possibly with parameters). As 
it is well known, o-minimal structures are a wide ranging generalization of 
semi-algebraic and sub-analytic geometry. Good references on o-minimality 
are, for example, the book [8] by van den Dries and the notes [5] by Michel 
Coste. For semi-algebraic geometry relevant to this paper the reader should 
consult the work by Delfs and Knebusch such as [6] and the book M by 
Bochnak, Coste and M-F. Roy. 

The goal of the paper is to present the proof of the following o-minimal 
version of the Lefschetz coincidence theorem. 

Theorem 1.1 (Lefschetz coincidence theorem) Let X and Y be ori- 
entable, definably eompaet definable manifolds of dimension n. Suppose that 
f,g ■. X —Y are continuous definable maps whose Lefschetz eoincidence 
number is nonzero. Then there is x & X such that f{x) = g{x). 

This result implies an o-minimal Lefschetz fixed point theorem for defin¬ 
able continuous maps on orientable, definably compact definable manifolds 
as in [T]. For a more general o-minimal Lefschetz-Hopf fixed point theorem 
generalizing Brumfiel’s Hopf fixed point theorem for semi-algebraic maps in 
[1] see [To] . 

Our proof of o-minimal Lefschetz coincidence theorem above follows the 
proofs of its topological analogue ([S], [IS]). The only difficulty is the 
o-minimal relative Poincare duality theorem for orientable definable mani¬ 
folds (Theorem [32|) which is handled by replacing classical arguments such 
as compactness ([7]) by the definable triangulation theorem ([8]) and the 
existence of coverings by definable proper sub-balls ([T], [11], [IS]). With 
this result available in the o-minimal setting, we develop in Subsection 14.11 
the o-minimal analogue of part of the classical theory of Thom, Lefschetz 
and Euler classes as in ( [7] ) and prove in a rather classical and algebraic way 
the Lefschetz coincidence theorem in Subsection Ol 

2 O-minimal (co)homology 

For o-minimal expansions of real closed fields, Woerheide ([IZ]) constructs 
o-minimal singular homology with coefficients in Z satisfying o- 

minimal Eilenberg-Steenrod homology axioms (the analogues of the classical 
Eilenberg-Steenrod axioms for the category of definable sets with definable 
continuous maps). 

The definition of o-minimal singular homology is quite easy, but the 
verification of the axioms is very difficult as we now explain. Given a 
definable set X we consider, for each m > 0, the abelian group Sm{X) 


2 


freely generated by the singular definable simplices a : A”* — X, where 
A™ = = 1, ti > 0} is the standard m- 

dimensional simplex. The boundary operator dm+i ■ Sm+iiX) —> Sm{X) 
(morphism of degree —1) is defined as in the classical case making S'*(A) a 
free chain complex. Also, a definable continuous map / : X —Y induces 
a chain map : S^{X) — S^{Y) (i.e., a morphism of degree zero satis¬ 
fying = <9* o /[j). Similarly one defines the definable singular chain 

complex of pairs of dehnable sets A C A by S^{X,A) = S*(A)/S*(A). 
The graded group H^{X) is defined as the homology of the chain complex 
5*(A). Similarly H^{X,A) is the homology of 5*(A, A). A definable con¬ 
tinuous map / : A —?• Y induces a homomorphism /* : H^{X) —>■ H^(Y) 
of graded groups (via /j). In the same way, a definable continuous map 
/ ; (A, A) — (Y, B) (i.e., a definable continuous map / ; A —Y such 
that /(A) C B) induces a homomorphism /* : H^{X,A) —?■ H^(Y,B) of 
graded groups. 

Theorem 2.1 (Woerheide [T7]) The o-minimal homology functor con¬ 
structed above satisfies the o-minimal Eilenherg-Steenrod axioms: 

Homotopy Axiom. If f,g ■ {X,A) —> (X,B) are definable maps and 
there is a definable homotopy between f and g, then 

U = g.-.Hn{X,A)^Hn{Y,B) 


for all n € N. 

Exactness Axiom. For A C A definable sets if i : (A, 0) — (A, 0) 
and j : (A, 0) — (A, A) are the inclusions, then we have a natural exact 
sequence 

-> Hn{A, 0) ^ Hr,{X, 0) 4 Hr,{X, A) ‘h Hr,-liA, 0) ^ . 

Excision Axiom. For every pair A C X of definable sets and every 
definable open subset U of X such that U O A, the inclusion (A — U,A — 
U) —> (A, A) induces isomorphisms 

Hn{X -U,A-U)^ HniX, A) 


for all n € N. 

Dimension Axiom. If X is a one point set, then Hn[X,tlf) = 0 for all 
n Q and Hq{X) = Z. 

Woerheide’s result is based on a definable triangulation theorem ([8]) and 
on the method of acyclic models from homological algebra and is rather com¬ 
plicated due to the fact that, in arbitrary o-minimal expansions of fields, the 
classical simplicial approximation theorem, the method of repeated barycen- 
tric subdivisions and the Lebesgue number property for a standard simplex 
A" fail. 
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We make now a few comments comparing the classical proof of the ex¬ 
cision axiom and Woerhiede proof of the o-minimal excision axiom. 

For z € 5*(X) with z = cijUj we have a chain map 

Z[( : 5*(A”) —> S^{X) : /? Zjj/? = ^ ajhi^aj o Pi) 

i,j 

where /? = XljLi hPi- 

Let X be a definable set. The barycentric subdivision 
Sd„ : Sn{X) SniX) 

is defined as follows; for n < — 1, Sd„ is the trivial homomorphism, Sd_i is 
the identity and, for n > 0, we set 

Sd„(2:) = ztt(6„.Sd„_i(9lA") 

where bn is the barycentre of A”. Here we use the cone construction which is 
defined in the following way. Let X C A™ be a convex definable set and let 
p G X. The cone construction over p in X is a sequence of homomorphisms 
z !-)■ p.z: 5*(X) —5*+i(X) defined as follows: For n < —1, p. is defined 
as the trivial homomorphism and for n > — 1 and a basis element a, we set 

p if to = 1 


top + (1 - if to / L 

In the classical case we apply the Lebesgue number property to the 
repeated barycentric subdivision operator 

Sd'^ = : 5*(X) ^ 5*(X) 

where Sd^ is the composition of Sd with itself k times, to prove the following 
lemma. 

Lemma 2.2 Suppose that X is a topological space and let U and V be open 
subsets of X such that X = U UV . If z G Sn{X), then there is a sufficiently 
large k gN such that Sd^(z) G Sn{U) + Sn{V). 

This lemma implies the excision axiom. In the o-minimal case Woerheide 
replaces Sd^ by the subdivision operator 

Sdf : Si{X) Si{X) 


n+l 

p.aC^tiCi) = < 
i=0 
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where K) is a definable triangulation of X. The subdivision operator is 
defined by 

Sdfiz) = (Sdz)„(7r)«($-'Wi"n(en-i,...,e.) 

where '■ Cjf{K) is the o-minimal simplicial chain map induced 

by — > K, 7 ” : —;■ A* is defined by 

■lUT ,+ ill “ y-i 

j=0 j=0 

and E^ is the standard simplicial complex such that |ill’ll = A”. 

Woerheide proves the following lemma which, as in the classical case, 
implies the o-minimal excision axiom. 

Lemma 2.3 ( jTTj) Suppose that X is a definable set and let U and V be 
open definable subsets of X such that X = U Li V. If z £ Sn{X), then 
there is a definable triangulation (^,K) of A^ compatible with E^ such that 
Sd^{z) £Sn{U) + Sn{V). 

Woerheide’s construction easily gives, as in the classical case (Cl Chapter 
VI, Section 7), o-minimal singular homology with coefficients in Q. Indeed, 
if / : V —> y is a definable continuous map, one defines o-minimal singular 
homology with coefficients in Q by 

HmiX-,Q) = Hm{SfiX)^Q) 

and /* : Hm{X]Q) — Hm{Y ; Q) is the homomorphism induced by C) id. 
This o-minimal homology with coefficients in Q satisfies the corresponding 
Eilenberg-Steenrod axioms. We often apply the Universal Coefficient theo¬ 
rem and identify Hm{X) ® Q with Hm{X]Q) (and the corresponding /*’s) 
as Q-vector spaces. 

Similarly, as in the classical case m Chapter VI, Section 7), we have 
the o-minimal singular cohomology with coefficients in Q 

H^{X-Q) = 77_^(Hom(5,(X),Q)) 

with homomorphism f* : H^{Y ; Q) —77™(V; Q) induced by Hom(/[j, Q). 
This o-minimal cohomology with coefficients in Q satishes the corresponding 
corresponding Eilenberg-Steenrod axioms. We often apply the Universal 
Coefficients theorem and identify Hom(i7m(V), Q) with 77™(V; Q) (and the 
corresponding /*’s) as Q-vector spaces. 

By construction of (77*, d*) and {H*,d*) one can also develop the theory 
of products for the o-minimal singular homology and cohomology in the 
same purely algebraic way as in the classical case m Chapter VI and VII). 
For completeness we recall this in the Appendix (Section [5] below) since it 
will be used in the proof of our main result. 

For further details on o-minimal singular homology the reader should see 
the paper m by the authors. 
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3 O-minimal relative Poincare duality 


Before we prove the o-minimal relative Poincare duality we introduce some 
notation and recall orientation theory for definable manifolds. 

In this paper, by a definable manifold we always mean an affine Hausdorff 
definable manifold, i.e., a definable subset X of with a cover by relatively 
open definable subsets Ui, ■ ■ ■ ,Ui such that, for each i = 1,... ,1, there is a 
definable homeomorphism cjii : Ui —)• Vi where Vi is an open definable subset 
of and, for all j = 1,..., I, the map (piO(pJ^ : 4>j{Ui fl Uj) — 4>i{Ui n Uj) 
is a definable homeomorphism. A definable manifold (or a definable set) X 
is definably compact if it is a closed and bounded subset of (see m) 
and X is definably connected if and only if it is not the union of two disjoint 
clopen definable subsets. 

Let X be a definable manifold of dimension n. We call a finite collection 
(Wi,hi)i^L of open definable subsets Wi of X together with the definable 
homeomorphisms hi : Wi —i?„(0,e;) C i?" definable charts of X by open 
balls. In this context it is natural to call each Wi a definable sub-ball of X 
and a definable subset [/ of X of the form hf^{Bn{0,S)) with 0 < <5 < e; 
a definable proper sub-ball of Wi (or of X)) since we will have a definable 
homeomorphism from the closure U of C/ in X into the closed unit ball in 

sending U — U into the unit (n — l)-sphere. 

In this context we have the following fundamental result: 

Theorem 3.1 ([Til, \1\, [H]) If X is a definable manifold of dimension 
n, then X can be covered by finitely many definable sub-balls of X. In 
particular, if A <Z X is a definably compact definable subset of X, then A 
can be covered by finitely many definable proper sub-balls of X. 

This theorem is used to define orientation theory for definable manifolds: 

Definition 3.2 (flj, [2j) An orientation on a definable manifold X of di¬ 
mension n is a map 


s : X —^ U,^(zxIIn{X, X -X]Z) 

which assigns to each x £ X a generator s(x) of Hn{X,X — x;Z) ~ Z 
and is such that for every definable proper sub-ball [/ of X there is a class 
au G Hn{X,X — U;Z) such that s{u) = ju{au) for each u £ U, where 
jH : Hn{X,X — [/;Z) —^ Hn{X,X — u;Z) is the homomorphism induced 
by the inclusion. 

Theorem O is used together with classical arguments to prove: 

Theorem 3.3 ((Ij) Suppose that X is a definable manifold of dimension n 
with an orientation s. If A is a definably compact definable subset of X, then 


6 


is uniquely determined by a fundamental class C,a in Hn{X,X — yl;Z) 
as S|^(x) = JxiCA) where : Hn{X,X — A;Z) —)• Hn{X,X — x;Z) is the 
homomorphism induced by the inclusion. 

We now proceed towards the proof of the o-minimal relative Poincare 
duality. But we will require the following lemma. 

Lemma 3.4 Let X be a definable manifold. If L C K are definably compact 
definable subset of X, then H*{K,L]Q) is isomorphic to the direct limit 
lim([;y)gQ(;^ 1/; Q) where Q{K,L) is the set of pairs {U,V) such 

that U (resp., V) is an open definable neighbourhood of K (resp., L) in X 
directed by reversed inclusion. 

Proof. We first show that if W is a definably compact definable subset of 
X, then H*{K-,Q) is isomorphic to the direct limit lim(x,F)en(x,i^) H*{V ; Q). 

In fact, if V is an open definable neighbourhood of K in X, by [8] Chapter 
VIII, 3.3 and 3.4, there is an open definable neigbourhood U oi K in X such 
that U CV such that W is a definable deformation retract of U. Hence, the 
inclusion K —U induces an isomorphism ^ II*{K;Q). 

The general case stated in the lemma follows from the special case to¬ 
gether with the exactness axiom. □ 


Theorem 3.5 Assume that X is an orientable definable manifold of dimen¬ 
sion n and let B (Z A be definably compact definable subsets of X. Then, 
for every q € Tj, there is an isomorphism 

Dx,a : H^{A, B-Q) Hn-fiX - B,X - A-Q) 

which is natural with respect to inclusions of pairs of definably compact de¬ 
finable subsets of X. 

Proof. First we observe that if Ki,K 2 C X are definably compact 
definable subsets and the theorem holds for (iFi, 0), (iF 2 ,0) and {Ki ( 1 X 2 , 0), 
then the theorem holds for {Ki U K 2 , 0). 

For i = 1,2, let 14 be a definable open neighbourhood of Ki in X. 
Consider the diagram 


e -5- (V; Q) - - -s- ir«(W;Q) 


®Ck2 

nCK 


' d* 


where K = Ki n K 2 , L = Ki U K 2 , V = Vi n V 2 , W = Vi U V 2 and for 
A € {Ki,K 2 , K, L} we use A! to denote the pair (X, X — A). 
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In this diagram the rows are from the Mayer-Vietoris sequence m 
or m) and therefore are exact. The first and the third squares are com¬ 
mutative by naturality of cap product (Theorem 15.71 (1)). By excision, 
Hn-g+i{K'-,q) ~ Hn-g+i{V,V- K-,Q) and ~ Hn-q{W,W - 

L] Q). Hence, by Proposition 15.81 taking X = IT, Xi = Vi, Yi = X — Ki and 
ct = Cl) we see that the second square in this diagram is commutative. 

The mapping from K 2 ) into H(X, Ki) (resp., r2(X, K) and L)) 

which sends {Vi, V 2 ) to {X, Vi) (resp., {X, TinV 2 ) and {X, V 1 UV 2 )) is cofinal. 
If we pass to the limit, by Lemma 13.41 we get the diagram 


U’-pifilQ) e U’-pKaiQ) ■ 


■ ir«“^(K;Q) ■ 




Dx,Ki®^X,K2 

^X,K 

■ 

' d* 








By 0 Chapter VIII, 5.21 (a purely algebraic result) this diagram is still 
commutative with exact rows. By assumption and the five lemma, the arrow 
with Dx,l is an isomorphism as required. 

We now show that the theorem holds for pairs of the form (K, 0) where 
K is a nonempty definably compact definable subset of X. 

Arguing as in the proof of Case 5 in the proof of [T] Theorem 5.2, we 
see that there is a finite family { 0 , Ki, ..., Ki} closed under intersection of 
definably compact definable subsets of K such that K = U{Ki : i = 1,... ,1} 
and there are finitely many definable proper sub-balls Ui,... ,Uk in V such 
that for each i there is a ji such that Ki C Uj^. 

The theorem holds for (it', 0) by induction on 1. The inductive step 
follows from what we saw at the beginning of the proof. So suppose that 
K = Ki and U = Uj^. Since we are interested in the limit of the homomor- 
phisms -nCx ■■ H‘i{V-, Q) —^ Hn-q{X, X-K- Q) with V € H(V, K), and by 
the excision axiom this limit is the same as the limit — HCk ■ H‘>{V ; Q) —)• 
Hn-q{U, U — K;Q) with V G Q{U, K), by the definable triangulation theo¬ 
rem m), we can assume that U = iV"’ and K is the geometric realization 
of a closed simplicial complex in N'^. Furthermore, as explained above, by 
induction on the number of closed simpleces, we can assume that K is the 
geometric realization of a closed simplex in The argument in the proof 
of Case 1 in the proof of [1] Theorem 5.2 shows that Hn-q{N^, — K; Q) 
is zero except for (7 = 0 in which case it is Q. On the other hand, clearly 
H'^(K]Q) is zero except for g = 0 in which case it is Q and by definable 
retration the same holds for the cohomology of elements in a cofinal collec¬ 
tion C of open definable sets in H(V”, K). So the homomorphisms — 0 Ck ^ 
H'^{V;Q) —> Hn-q{N'^,N‘^ — K;Q) are isomorphisms for all V € C, and 
hence, the limit homomorphism Dx,k '■ H‘^{V-,Q) —>■ Hn-q{X, X — K;Q) 
is an isomorphism as required. 









We now prove the general case. Consider the diagram 


^X,K 


^X,L 


H'i{K, L-,Q) - 

Ox,K 
,K"-,Q) . 


^X,K 


where L' = {X,X - L), K' = {X, X - K), L" = X - L and K" = X - K. 
In this diagram, the first row is exact by exactness axiom, the second row 
is exact by Mayer-Vietoris m or i), the first and the third squares are 
commutative by naturality of cap product iTheorem 15.71 (1)). The second 
square is commutative, because it is the direct limit of the corresponding 
squares for open definable neighbourhoods V QV' oi L (Z K, and each of 
these squares commutes by Corollary 15.101 with X = V, W = X — L and 
U = X — K. Therefore, the 5-lemma and the theorem for {K, 0) and (L, 0) 
implies that the theorem holds for (K, L). □ 


Corollary 3.6 Let X he an orientable, definahly compact definable manifold 
of dimension n. Then for all q £ 1,, the homomorphism 

Dx ■■ H^^iX-Q) ^ Hn-q{X-Q). Dx{a) = aZQx 

is an isomorphism and determines a dual pairing 

(-, -) : H\X- Q) ® Q) ^ Q 

given by {x,y) = {xUyXx)- 

Proof. The fact that Dx^xX) = Dx{cr) = cr H Cx is an isomor¬ 
phism is a consequence of the proof of Theorem 13.51 Since {x U yXx) = 
(_l)deg3;deg2y(y, ^ fl (x), the Ki’onecker product ( , ) is a dual pairing and 
— n Cx is an isomorphism, it follows that (—, —) is a dual pairing. □ 

Another consequence of Theorem 13.51 is the theory of o-minimal homol¬ 
ogy and cohomology transfers of continuous definable maps which we now 
present as it will be requred later. 

Corollary 3.7 Suppose that f : X —> Y is a continuous definable map 
of orientable, definably eompaet definable manifolds of dimensions n and m 
respeetively. Then there is a homomorphism 

f : HXXM 

ealled cohomology tranfer, which is given by Dy^ o f^oDx, and the following 
hold: (1) {go f)- = g- of; (2) if = id; (3) f{f*aUfi) = aUf/3. 
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Similarly, there is a homomorphism 


fr. Hg{Y-,Q) ^ Hm-n+q{X-,q), 

called homology tranfer, which is given by Dx ° f* ° Dy^, and the following 
hold: (1) {go f), = f, o g,; (2) Ixi = id; (3) ffa fl /3) = f*a D f\^; (f) 

U{a n /!/?) = (-l)(”^-deg/3)(m-n)y!^ 

Proof. This follows easily from the definitions. For details compare 
with Chapter VIII, Exercise 10.14 (4). □ 


The remarks that follow below are also easy consequences of the def¬ 
initions together with the properties of o-minimal singular (co)homology 
products. 

Remark 3.8 Suppose that / : X —Y and g : Z — > W are continu¬ 
ous definable maps of orientable, definably compact definable manifolds of 
dimensions n, m, I and k respectively. Then 

(/ X g)\a X /?) = (_l)(-+-)deg/3+Mfc-0/!(„) X g\p) 

and 

(/ X gUa X r) = (-l)(-+-)(^-degr)/,(^) X gfr). 

Remark 3.9 Suppose that / : X —)• V is a continuous definable map of 
orientable, definably compact definable manifolds of dimensions n. Then 
/* o /i = deg/ = /■ o /*, /i o /* = deg/ on the image of / and f*of' = deg/ 
on the image of f*. For the notion of degree deg/ of a continuous definable 
map see [12]. 


4 Lefschetz coincidence theorem 

Once we develop the theory of the Thom, Lefschetz and Euler classes below, 
we introduce the Lefschetz coincidence number of continuous definable maps 
and prove in a rather classical and algebraic way the Lefschetz coincidence 
theorem. 

4.1 The Thom, Lefschetz and Euler classes 

Let Y be an orientable, definable manifold of dimension n -|- fc, V an ori¬ 
entable, definably compact definable manifold of dimension n and z : X —)• 
Y a closed definable embedding. We assume that z{X) is orientable with 
the induced orientation. 

Let 4 be a definably compact definable subset of X. By Theorem 13.51 
for all g E Z, we have an isomorphism 

Dx,a o z* o : Hg{Y, Y - z(4); Q) ^ Hg_k{X, X - A; Q). 
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In particular, we have that 


Hg{Y, Y - z(A); Q) =0 for g < A; 


and 

Hk{Y, Y - z(A); Q) ~ Ho{X, X - Q) ~ Q' 

where I is the number of definably connected components of X which lie in 
A. 

Definition 4.1 The generators i^i,... , 1^1 of Hk{Y, Y — 2 ;(X); Q) are called 
the transverse classes. If X is definably connected, we denote the unique 
tranverse class by i'y,x- 

The unique class ty,x € H^{Y, T—z(X); Q) such {ty,x, ^i) = ^ for all i = 
1,is called the Thom class and its image Ay,x = j*{TY,x) G H^{Y ; Q), 
where j : Y — {Y,Y — z{X)) is the inclusion, is called the Lefschtez class. 
The class xy,x = z*{Ay^x) € H^{X]Q) is called the Euler class. 

Example 4.2 Let X be an orientable, dehnably compact definable man¬ 
ifold of dimension n and Ax : X — X x X the diagonal map and 
Ax C X X X the diagonal. The Thom class txxX,x is denoted by rx € 
H^{X xX,X xX — Ax'jQ). The Lefschtez class Axxx,x is denoted by Ax € 
H"‘{X X X;Q). The Euler class Xxxx,x is denoted by xx G H'^{X;Q^). 

As in the classical case, below we set 

:= (-1)^(-+^-'?)Dx,a o z* o 

Proposition 4.3 Let Y be an orientable, definable manifold of dimension 
n+k. Suppose X is an orientable, definably compact definable manifold of di¬ 
mension n, z : X —)• Y a closed definable embedding and z{X) is orientable 
with the induced orientation. Let A be a definably compact definable subset 
of X and W an open definable subset ofY such that z(X) — z{A) C VE C 
Y - z{A). Then z^{Cx,a) = ty,x n Cy,z{A) where z : {X,X - A) — (Y, W) 
is the inclusion. 

Proof. First observe that by Theorem 13.71 we have: 

Claim 4.4 zfianCY,ziA)) = nCx,A for all a e H*{Y,W-,Q). 

Proof. If A is the image of a under the composition 

H*{Y, IT; Q) ^ H\z{X), z(X) - z(A); Q) -Y ff*(z(X); Q) 

where the last arrow is induced by the isomorphism of Lemma 13.41 then 
a n Cy, 2 (A) = Dy,z{x)W (z*a) D Cx,A = L)x{z*\) by the definition of 


II 


the right hand sides. Since z\{Dy^z{x){^)) = the claim 

holds. □ 


For U an open definable subset of Y such that z(X) <ZWCU and z(X) 
is closed in U, let tu^x and Cu,z{A) be the classes obtained from ty,x and 
Cy,z(A) by excision isomorphisms. 

Claim 4.5 Ifr : {U,V) — {X,X — A) is a definable retraction, i.e., roz = 
lx, where V is an open definable subset ofW such that V C U — z{A), then 
r*{Tu,X n Cu,z{A)) = Cx,A- 

Proof. We start by proving the claim for A a point x. Let /x G 
H^{X,X-x;Q) be such that {ia,Cx,x) = 1- Then {r* ia)nCu,z{x) = 
where i'if,x is the transverse class of x. Indeed, by Claim HTLl 

{-l)^^zfi{r*^i)nCu,z(x)) = {{z* or*)^i)nCx,x 

= h<^Cx,x- 

But /X n Cx,x equals (/x, Cx,x) = 1 times the homology class of x. Hence, by 
definition of transverse classes, (r*/x) n Cu,z{x) = {—^)^"'^u,x as required. 

We have 


{h,n{Tu,x r\ 


{ry,Tu,xr\Cu,z{x)) 
{r*nUTu,X,Cu,z{x)) 
{-1 )’^'^{tu,x, {r*ii) n Cu,z{x)) 
iTU,X, Vu,x) 

1 . 


Thus, since rfiru^x H Cu,z(x)) is a multiple of Cx,x-, this proves that 
r*{Tu,x n Cu,x) = Cx,x- 

For the general case, let x G H and consider the inclusions I : {U, V) —>■ 
{U,r~^{z{X) — z{x))) and i : {X,X — A) —> {X,X — x). Then we have a 
commutative diagram 




HfiX,X-A-,( 


HfiU,r-fiX - x)-/ 


■HfiX,X-xA 


Then 


i*{r*{Tu,x n Cu,z{A))) = h{Tu,x n Cu,z{a)) 

= r^{Tu,X Cu,z{x)) 

= Cx,x 
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using naturality of cap products and the first part of the proof. But then, 
by definition of Cx,A, we have r^{Tu,x n C,u,z(A)) = Cx,yl- □ 


Since z{X) is closed in y, by [8] Chapter VIII, 3.3, there is a definable 
retraction r : U —>■ X where U is an open definable subset of Y such that 
z{X) C U and z{X) is closed in U. Let V be a definable neighbourhood 
of z(X) — z{A) in r~^{X — A) n W. Then by [8] Chapter VIII, 3.4, the 
composition {U,V) A {X,X — T) A {Y,W) is definably homotopic to the 
inclusion i : {U,V) —(V, VL). Hence, i* = z* o r* and, by Claim ITAl and 
naturality of cap products. 


z*{Cx,a) 


z* o r^{Tu,x Cu,z{y') 

i*{i*rY,x n Cu,z{A)) 
ty,x nLC{/,2(A) 
ty,x n Cy,z{a) 


as required. □ 

The proof of our next result is purely algebraic using Proposition 14.31 

Proposition 4.6 Suppose that X is an orientable, definably compact defin¬ 
able manifold of dimension n. Let {bi : i G /} be a basis of H*{X]Q) and 
{hi ■. i G /} the dual basis of H*{X]Q), i.e., {bi,bj) = 6ij for all i,j G I. 
Then 

Kx = X h and yx = U b,. 

i£l i£l 

Furthermore, (xxAx) = xi^); the o-minimal Euler-Poineare charac¬ 
teristic of X, and, Ax*(Cx) = Ax C Cxxx- 

Proof. By Proposition 14.31 and naturality of cap products, we have 

Ax*(Cx) = Tx FCxxXAx 

= TX nj^iCxxx) 

= j^Ax) nCxxx- 


Thus Ax*(Cx) = Ax n CxxX- 

We start by proving the following claim, where we are using here the 
Kiinneth formula for o-minimal singular cohomology to express elements of 
H*{X X V;Q). 

Claim 4.7 Suppose that a = Yli k&i -^hkh x bk is an element of H*{X x 
A;Q). Then {bi xbj,a) equals 
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Proof. We have that (6* x bj,a) equals Yl^i,k{bi x bj,bi x b^). But 

{bi X bj,bi X bk) = {{bi x bj) U (bi x bk),Cxxx) 

= (_i)(n-deg6,)(n-degfe0((5^ y 6 ;) X (6, U 6fc), Cxxx) 

= {{biUbi) X {bjUbk),Cxxx) 

^ ^_^^n((n-deg6,)+deg6,)^^^ ^ 6;, Cx)(6, U Cx)- 

(Where in these equalities we used: definition of duality pairing, multiplica- 
tivity of cup and cross products, CxxX = Cx x Cx and duality of cross prod¬ 
ucts respectively.) Finally, {bi U biXx) = (—U Cx) = 
(_l)degbi(n-degfei)^^^^ y Putting all of this together 

and using the fact that deg6/ = deg6fc, we see that {bi x bj,a) equals 

(^_iyndegbij^.._ □ 

Suppose that Ax = ^ikei^i,kbi x b^. We are going to compute {bi x 
bj,Ax) in two ways. By Claim W7f[ {bi x bj,Ax) = (—Ajj. 

On the other hand, by definition, {bi x bj,Ax) is {{bi x bj) U Ax,Cxxx) 
which equals {bi x bj,Ax H Cxxx)- Using the definition of Ax, the last 
expression is equal to {bixbj, Ax*(Cx))- By naturality of Kronecker product, 
this is {A*x{biXbj),Cx) = {biUbjXx) = Uft*, Cx) by the 

relation between cup and cross product and the skew commutativity of cup 
products. But by definition the last expression is (—6j) = 
yiygbi(n-degbj)y^ Thus, Aij = j as required. 

Since xx = A3('(Ax), the description of xx follows from the relation 
between cup and cross product. Also, (xx,Cx) = *-1 biXx) = 

^(_l)degb.5. . □ 

4.2 Lefschetz coincidence theorem 

In this subsection, A, Y and Z will be dehnably connected, definably com¬ 
pact, orientable definable manifolds of dimension n, m and k respectively. 
Also, Ax : Ai —> X x X will denote the natural inclusion of X into its 
diagonal Ax- 

Definition 4.8 Let LP(A;Q) = Hom(iL”-P(A; Q), iL”-P(A; Q)) and let 

n 

L*{X;Q) = J2l^X-,Q). 

p=0 

For each p, let {bi : i G Ip} be a basis of H'^~p{X;Q) and let {6* : f G Ip} be 
the dual basis on HP{X-,Q). Then we have a canonical isomorphism 

F : HP{X-, Q) 0 IIp{X; Q) LP{X; Q) 
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which sends Ylijei ^i,jbi ^ Dx{bj) into the element of LP{X;Q) whose 
matrix relative to the fixed basis is The isomorphisms induce 

a canonical isomorphism 

n 

k : ^ HP{X- Q) ® Hp{X-, Q) ^ Q) 

p=0 

given by /c = Lefschetz isomorphism for X is the iso¬ 

morphism of Q-modules 

Xx : L*{X;Q) ^ H^{X X X-,Q) 

given by Ax = a' o (1^ (g) ok~^ where a' is the Kiinneth isomorphism 
for o-minimal singular cohomology and is the inverse of the Poincare 
duality isomorphism (see Theorem 13.5p . 

Remark 4.9 Note that by Proposition 14.61 and the definition of Ax, we 
have Ax = Ax(lx)- 

Lemma 4.10 Let Tr : L*{X]Q) —Q be the linear map given by Tru = 
I]p=o(“lFtrpCrP where a = ^ L^{X;Q). Then 

Trcj = (A3fAx(o-),Cjv)- 

Proof. It is enough to consider a = k{/3 (g) Dx'j) with (3 € HP{X;Q) 
and 7 € H'^~^{X] Q). Then, by ordinary linear algebra 

Tru = (-lf+P(/3,Zlx7) 

= (/3,A>x7) 

= (/3,7nCx) 

= (/3U7,Cx) 

= (A>'(/?®7),Cx) 

= (A3fAx('7),Cx)- 

□ 


Lemma 4.11 Let a G L*(Y;Q) and let f,g : X —Y be continuous defin¬ 
able maps where dim A = dimP. Then 

if X 5 )*(Ay (a)) = Xxif* oao g'). 

Proof. It is enough to take a = k{a (g) Dyfi) with a € HP{Y;Q) and 
fi G H^-P{Y-,Q). We have 

if*oaog-){j) = (-l)P{g-{-f),DY/3)f*ia) 

= {-i)p{^,Dxg*mna) 

= [A:(/*a(g)Hx5*/3)](7)- 
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for all 7 € HP{X-, Q) . Therefore, Xxif* ° cr o g-) = {f x g)* o a'{a (8> /?) = 
{fxg)*{\Y{a)). □ 


Definition 4.12 Let f,g : X —> Y be continuous definable maps and 
suppose that dimX = dimT. The Lefschetz coincidence number of f and g 
is defined by 

n 

X{f,g-,Q) = ^(-l)^trp(/* 05 '). 

p=0 

Note that if X = T, then A(/, lx;Q) is denoted by A(/;Q). 

Remark 4.13 Remark 14.91 and Lemmas 14. 101 ITTT] imolv that 
A(/,ff;Q) = (A3,o(/x5)*(Ay),Cx). 

Thus X{f,g',Q) = {—l)^X{g,f;Q). Since tTp{AB) = tTp{BA), we also have 
X{f,g;Q) = Clearly, f*og' = o f, o g^o Dx ■ So, 

A(/,g;Q) = ° 9*)- Similarly, g- o f* = Dy^ o f,o g^ o Dy 

and so X{f,g-,Q) = 'Ep=oi-^y^^pif* ° 9\)- 

If h : Z —X is a third continuous definable map and dimZ = dimX, 
then by Remark 13.91 A(/ o h, g o h-,Q) = (deg/i)A(/, 5 ; Q). In particular, 
Xi f, /; Q) = (deg/)-E(X) (where E{X) is the o-minimal Euler characteristic 
of X, see [ 8 ] and [T]). 

We are now ready to prove the main theorem of the paper. 

Proof of Theorem 11.11 We have X{f,g]Q) = ° {f x g)*{AY)Xx)- If 

there is no x G X such that f{x) = g{x), then we have a factorisation 

X- — -X y 

Ax i 

X X X-y X y - Ay. 

where i is the inclusion. Since H'^{i)H"'{j) = 0 and Ay = H^(j)(TY), we 
have 0 = A^^- o (/ x g)* oi*(Ay) = (/ x 5 r)*(Ay) and therefore A(/, g; Q) = 0. 
□ 


We end the subsection with another characterization of the Lefschetz 
coincidence number and yet another classical proof of Theorem 11.11 

Proposition 4.14 Let X be an orientahle, definably compact definable man¬ 
ifold of dimension n. Then there is a graded bilinear map (called the inter¬ 
section product) 

■ : Hp{X- Q) 0 HfiX- Q) ^ Rp+,-n(X; Q) 
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defined by 


a-(3 = Dx{D],\a)UD^\f3)) 
and such that the following hold: 

(1) Naturality. ffia ■ j3) = ffia) ■ ffifi). 

(2) Skew commutativity, a ■ fi = (—• a. 

(3) Associativity, a • (/3 • 7 ) = (a • /3) • 7 . 

(4) Units, (x ■ fi = fi = fi ■ Cx- 

(5) Multiplicativity. (a-/3) x (it- 7 ) = (— 

Proof. The properties of the intersection product follow easily from the 
definition and the properties of cap and cup products. □ 

Using the relationship between cup and cross product, it is easy to prove 
the following remark. 

Remark 4.15 If X and Y are orientable, definably compact definable man¬ 
ifolds of dimension n and m respectively, then the intersection product sat¬ 
isfies: 

a./3 = (-l)«(«-deg/3)A^,(c,x/3) 

and 

a X u = • { py \ ct ) 

where px '■ X x Y —X and py : X xY —)■ Y are the projections. 

Theorem 4.16 Let f,g : X —Y be continuous definable maps between 
orientable, definably compact definable manifolds of dimension n. If Qf = 
(lx X /)* o Ax*(Cx) and (g = (lx x g)^ o Ax*{Cx), then 

Kf,9',Q) = e*(C/ • Cg) 

where e* : Hq{X x Y-,Q) —)■ Q is the augmentation. In particular, if 
/ 0, then there is x ^ X such that f{x) = g{x). 
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Proof. Let 7 / and 7 ^ be elements in H'^{XxY ; Q) such that 7 /nCxxy = 
C/ and jg n CxxY = Cg- Then 


f*(C/ • Cg) 


e*((7gU7/)nCxxY) 
e*(7g n ( 7 / nCxxy)) 
e*(7g nC/) 

( 7 g,C/) (by definition of augmentation) 

(-^Xxy ° X 9 )*{^x*{Cx)), (lx X /)*(Ax*(Cx))) 
(^x]<Y ° X 5)* o Dxxxi^x), (lx X /)*(Ax*(Cx))) 


(dx 

X g'){Ax), (lx X /)*(Ax*(Cx))) 

(i) 

{(lx 

x/)*o 

(lx X 5i')(Ax), Ax*(Cx)) 

(ii) 

{(U 

0 ly X 

rog'-){Ax),AxfiCx)) 

(iii; 

E(- 


(bi X f* 0 g-{bi),Ax*{Cx)) 

(iv; 

E(- 


(biU f* 0 g\bi),Cx) 

(v) 

E(- 

_j^^degfei 

(biJ*og'{bi)) 



n 

^(-l)nrp(/*o5') 

p=0 


where; (i) DxxY = Dx x Hy and DxxX = -Dx x Hx; (h) the naturality 
of the Kronecker product and Proposition 14.61 (iii) the naturality of cross 
product and Remark 13.81 (iv) Proposition 14.61 (v) the naturality of the 
Kronecker product. 

Let Tf (resp., P^) be the graph of / (resp., g). Then there are aj G 
H^{X xY,X xY -Tf,Q) and ag € H'^{X xY,X xY - Tg;Q) such that 
7 j (resp., 7 g) is the image of cij (resp., ag) by the homomorphism induced 
by inclusion. If / and g have no coincidence, then Pj n P^ = 0, and so, 
af Li ag G i7^”(X x Y,X x y;Q) = 0. Therefore, by naturality of cup 
products, 7 / U 7 g = 0 and X{f,g;Q) = e*(C/ • Cg) = 0 . □ 


5 Appendix: O-minimal ring (co)homology theory 

By construction of and {H*,d*) one can also develop the theory of 

products for the o-minimal singular homology and cohomology in the same 
purely algebraic way as in the classical case ([7] Chapter VI and VII). For 
completeness we include here this theory. 

First recall that if (V, A), [X, B) are pairs of definable sets with A C X 
and B C. X, then we call (V; A, B) a definable triad. We say that a definable 
triad {X;A,B) is an excisive triad (with respect to {Ht,,dfi}) if the inclusion 
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{A, Ar\ B) —{AVJ B,B) induces isomorphisms H^{A, Af\B) ~ H^{AVJ 
B,B). 

Let {X,A),(Y,B) be pairs of definable sets with A C X and B QY. 
Then we will write {X, A) x (T, B) ioi {X xY,A xY \J X x B). 

As we pointed out in [TO], the o-minimal version of the Eilenberg-Zilber 
theorem (Proposition 3.2 in [12]) gives, as in [7] Chapter VI, Section 12 and 
Chapter VII, Section 2 respectively, the following two theorems: 

Theorem 5.1 (Kiinneth Formula for Homology, [lOj) Let{X,A) and 
(Y,B) be pairs of definable sets with A C X and B C Y such that {X x 
Y;AxY,X X B) is an excisive triad. Then, for all n € Z, there is an 
isomorphism 

a" : ^ HfiX, A; Q) ® HfiY, B; Q) H„((V, A) x (V, B); Q). 

i-\-j=n 

The homomorphism a" from Theorem 15.11 is called the homology (exter¬ 
nal) cross product and a"{a ® b) is denoted a x b. 

Theorem 5.2 ([lOj) The homology cross product satisfies the following prop¬ 
erties: 

(1) Naturality. (/ x g)fia x fi) = (/*a) x [g^jd). 

(2) Skew-commutativity. t^{a x fi) = (—x a where t : 
X xY — Y X X commutes factors. 

(3) Associativity, {a x fi) x j = a x {fi x j). 

(4) Units. lxa = a!Xl = Q!. 

(5) Stability. d*(a! x /3) = iu{d^a x /3) + i 2 *((—x d*/3) where 
a € Hi{X,A-,Q), 13 G Hj{Y,B-,Q) and h : {A x Y, A x B) ^ {A x 
YUX X B,Ax B) and Z 2 : {X x B,Ax B) —{AxYUX x B,Ax B) 
are the inclusions. 

By dualizing the Eilenberg-Zilber maps from the o-minimal version of 
the Eilenberg-Zilber theorem (Proposition 3.2 in [12] 1 gives, as in [7] Chapter 
VI, Section 10, the following: 

Theorem 5.3 (Kiinneth Formnla for Cohomology) For pairs of de¬ 
finable sets {X, A) and {Y, B) with A C X and B Q Y such that {X x 
Y]AxY,X X B) is an excisive triad, we have that, for all n € Z, there is 
an isomorphism 

a': Y. H*(V,A;Q)®F^(y,B;Q) ^i7”((V,A) X (y,B);Q). 

i-\-j=n 
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Let {X, A) be a pair of definable sets with A C X. The Kronecker 
product 

( , ) -. H*{X,A-Q)^H,{X,A-,Q) Q 
is the homomorphism (e (8> id)* o a where 

Q : A;Q) ® if, (X, A; Q) > m(Hom(S, (X, A) ® Q, Q) ® (S,(X, A) ® Q)) 


is the Kiinneth homomorphism from homological algebra (see [7] Chapter 
VI, Theorem 9.13) and 

(e ® id) : Hom(5*(V, A) (g) Q, Q) (g) (5*(V, A) ig) Q) —Q (g) Q ~ Q 

is the evaluation chain map given by (e (g) id)(cj (g> (a (g) m)) = a{a) (g) m. 

By purely algebraic arguments, compare with [7] Chapter VII, 1.8 and 
1.12, we see that the Kronecker product is a dual pairing satisfying: 

(r«,/3) = («,/*/?). 

The homomorphism a' from Theorem 15.31 is called the cohomology (ex¬ 
ternal) cross product and a'{a ig> b) is denoted a x b. 

Theorem 5.4 The cohomology cross product satisfies the following proper¬ 
ties: 

(1) Naturality. (/ x g)*{a x fi) = (f*a) x (g*j3). 

(2) Skew-commutativity. t*(a x (5) = (—x a where t : 
X X Y —> Y X X eommutes factors. 

(3) Associativity, (a x fi) x j = a x (fi x j). 

(4) Units. lxa = axl = a. 

(5) Duality, {a x (3, a x t) = (—a) (g) (/?, r) where a G 
H^{X,A;Q), T G HfiY,B-,Q), a G H*{X,A;Q) and fi e H*{Y,B;Q). 

( 6 ) Stability. d*{a x fi) = {iu 0 * 2 *)~^((d*a x /3) 0 ((—1)'^®s"q: x (i*/3)) 
where a G H^{A-,Q), (3 G H^{B-,Q) and ii : {A xY,A x B) —>■ 
(AxYUXxBjAxB) andi 2 : {XxB,AxB) — {AxYLiXxB,AxB) 
are the inelusions. 

Proof. This is obtained from the proof of Theorem 15.21 bv applying the 
functor Hom(—, Q 0 Q) and using the dual of the Eilenberg-Zilber map from 
the proof of Theorem 15.31 (compare with [7j Chapter VII, Section 7 for the 
details). □ 

We now introduce the cup products. Although these are equivalent to 
the cross products, they are usually more convenient. 
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Theorem 5.5 Suppose {X-, Ai, A 2 ) is an excisive triad of definable sets. 
Then we have a canonical graded bilinear map (called cup product) 

U: H*{X,Ar,Q)^H*(X, A 2 ]Q)^ H*{X, U ^2 ; Q) 
such that: 

(1) Naturality. f*{a Li fi) = {f*a) U {f*/3). 

(2) Skew-commutativity. aUfi = (— l)'i®g“deg/3 ^uq,_ 

(3) Associativity, (a U /3) U 7 = a U (/3 U 7 ). 

(4) Units. lUa = Q;Ul = a. 

(5) Multiplicativity. (a x /3) U (u x r) = (—U d) x (/3 U r). 

(6) Stability, d* o(j*)~^(aLli* fi) = {d*a)Llfi where i : (Ai,AinA 2 ) —> 
(A, A2) and j : {Ai,Ai fl A2) —{Ai U ^2,^2) are the inclusions. 

Proof. The cup product U is the graded bilinear map given by j'* o 
D'* o 7 ^ o a where: a is the map from the Kiinneth formula for cochain 
complexes (see [7] Chapter VI, Theorem 9.13); 7 is the chain map from the 
proof of Theorem 15.31 (the dual Eilenberg-Zilber map); D' = Hom(Z),Q) is 
the cochain map from 


S,(X) 

Hom(5# (X, Ai), Q) 0 Horn(5# (X, A2), Q) >■ Hom(-, Q) 

S.(Ai) + S,(A2) 

where D is the natural chain map (called diagonal map) given by 

D = CoA: ^ , —»S.(X.Ai)®S.(X,A2). 

S.(Ai) + S.(A2) 

here A : S'* (A) —>■ S'* (A) —> S'* (A x A) is the natural chain map induced 
by the diagonal map A —)• A x A and C : S*(A x A) —S'* (A) 0 5* (A) 
is a Eilenberg-Zilber chain map; and j' is the homotopy equivalence 

S.(X) 

Hom(-, Q) Horn(5* (X, A-\ U Ao ), Q) 

's.(Ai) + S.(A2) 

which exists since (A; ^ 1 ,^ 2 ) is an excisive triad of definable sets. 

The properties of the cup product listed above, follow from corresponding 
properties for the Eilenberg-Zilber chain equivalence. Since these are purely 
algebraic, we refer the reader to [7] Chapter VII, Section 8 for the details. 
□ 


Similarly to the classical case m Chapter VII, Section 8) we also have: 

Remark 5.6 The cohomology cross product is related to the cup product 
by: 
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(1) a X /3 = p*a U q*l3 where p : {X x Y, A x Y) —)■ {X,A) and q : 
{X xY,X X B) — {Y,B) are the projections (and we assume here 
that {X X Y■, A X Y^ X X B) is excisive) 

(2) a U /3 = X*j^{a x (5) where Ax : {X, Ai U A2) —^ {X x X,Ai x XU 
X X A2) is the diagonal map (and we assume here that {X x X;Ai x 
X,X X A2) is excisive). 

Theorem 15.51 implies that H*{X]Q) is a graded Q-algebra under cup 
product, H*{ ; Q) is a functor from the category definable sets into the 
category of graded skew-commutative (associative) Q-algebra with unit ele¬ 
ment and H*{X, A] Q) is a graded (A; Q)-module with respect to the cup 
product U : H*{X;Q) 0 H*{X,A;Q) — H*{X,A;Q). Moreover, the cross 
product X : H*{X;Q) ® H*{Y-,Q) — )■ H*{X x y;Q) is a homomorphism 
of graded skew-commutative associative Q-algebras. 

Another useful product is the cap product. This is in some sense dual 
to the cup product. 

Theorem 5.7 Suppose that (X;Ai,A2) is an excisive triad of definable 
sets. Then we have a canonical graded bilinear map (called cap product) 

n : HP{X, yl2; Q) ® Hp+fiX, Ai U ^2; Q) ^ HfiX, Ai; Q) 
such that: 

(1) Naturality. fl/3) = a fl (/*/3). 

(2) Associativity, (a U/3) n 7 = a fl (/3 n 7 ). 

(3) Units. lna = Q;nl = Q!. 

(4) Duality. {aU fi,a) = (a, fi (1 a). 

(5) Multiplicativity. (a x /3) fl (u x r) = (—n u) x (/3 n r). 

(6) Stability. (i*(an/3) = (—l)'^®s"(i*(Q;) fl (j*)“^ o(i*(/3) and d* (a) Cl fi + 
(— l)^eg“^^(Q, n (j*)“^ o d*{/ 3 )) = 0 where i : (Ai, Ai n A2) — )• {X, A2) 
and j : (Ai, Ai n A2) —> (A, A2) are the inclusions. 

Proof. The cap product is the bilinear map given by S* o (id 0 D)* o 
(id 0 A:)* o a where D and a are as before, 

id : Hom( 5 * (X, A2), Q) - >■ Horn( 5 * (X, A2), Q) 

is the identity map, k is the chain equivalence 

S,(X) 

/i : S, (X, Ai U A2) ® Q ->■ -^^® Q 

s* (Ai) + 5 * (A2) 

and E is the natural evaluation map 

Hom(S.(X, A2),Q) ® (S.(X, Ai) ® S.(X, A2) ® Q) —!■ S.(X, Ai) ® Q 
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given by E{a ®a®b®m) = (—0 m 0 < 7 ( 6 ). The proofs of the 
properties of the cap product are simple computations as before (compare 
with [7j Chapter VII, Section 12 for the details). □ 

The next result is proved as in the classical case ([7j Chapter VII, Section 
12, Proposition 12.20) with the following change: one replaces the use of [7] 
Chapter III, 7.3 by its o-minimal analogue given by Lemma 12.31 

Below, we denote by Z"(V, A;(Q) the kernel of 5"' : 5"'(V, A;Q) —> 

Proposition 5.8 Suppose that Xi, X 2 ,Yi,Y 2 are open definable subsets of 
a definable set X such that Vi U Li = X 2 Li Y 2 = Vi U V 2 = X. Let 
X' = XinX 2 , Y' = ViCVa, T = V 1 UV 2 and let j : (V', V'nV) —^ {X,Y) 
denote the inclusion. For a G H^:(X,Y';Q), let a' G HfiX',X' n y;Q) 
denote its image under the composition 

H,{X, V'; Q)^H,{X, V; Q) H,{X', X' n V; Q). 

Then the following diagram 

H*{X'; Q) > H,{X, y; Q) 

5* S* 

H*{X; Q)- HfiX, Y>- Q). 

where J* and 5* are the Mayer-Vietoris boundaries, is commutative. 

Proof. By the proof of the cohomology Mayer-Vietoris sequence m 
or i), we have that <5* is the composition 

H*{X'-,Q)^ H*{Xi,X’-,Q) H*{X,X2;Q)^H*{X-Q) 

where I : {Xi,X') —(V, V 2 ) is the inclusion. Similarly, by the proof of 
the homology Mayer-Vietoris sequence ([IZ] or i), we have that (i* is the 
composition 

HfiX',Y-<^) H,{Y,Yi;Q) H,{Y2,Y';Q)^H,{X,Y'-,Q) 

where a : {Y, 0) —(V, Vi) and k : {Y 2 , Y') —(V, Vi) are the inclusions. 

Let b : (Y 2 , X 2 nY 2 ) — {X, X 2 ) be the inclusion and let ai G ff^(Y 2 ,Y'U 
(X 2 n y 2 ); Q) denote the image of a under the composition 

H,{X, Y'- Q)^HfiX, Y' U V 2 ; Q) H,{Y2,Y' U (V 2 n y 2 ); Q) 

where m : (y 2 , V'U (V 2 ny 2 )) —(V, y'UV 2 ) is the inclusion. Clearly, the 
proposition is a consequence of the following claim. 


23 






Claim 5.9 The diagrams 


H* (X'; Q)- > H, (X, y; ( 




H%X,X2; 


Ciaiob* 


(fc*) ^o(c*od*) 




and 

H*iX, X2; Q) > H,{Y 2 , y'; Q) 

H*{X-,Q) ---if*(X,y';Q). 

are commutative. 

Proof of Claim 15.91 Below, we also denote by n the chain map which 
induces the cap product.We will as well identify cycles (resp., cocycles) with 
their images under chain maps (resp., cochain maps) induced by certain 
inclusion maps. 

Let (5 G H*{X';Q) and take 2; G Z*{X'-,Q) a representative of (3 and 
extend it (by zero outside S'*(X';Q)) to z' G 5 *(X;Q). Then 
represents d*/?. By excision axiom, there is ra G X*(X,X2;Q) such that 

where w' G 5 *(Xi,X';Q). Extend w' (by 
zero outside 5 *(Xi;Q)) to w” G 5 *(X,X2;Q), and replace w hy w — d*w''. 
The new cocycle w then satisfies rr|5'^(Xi;Q) = represents 

the image of /3 in H*{X,X2]Q) and H*{X]Q). 

Because Xi n y2, X2 fl Yi and X' are open definable subsets of X which 
cover X, by Lemma 12.31 we can find a representative a of a such that 
o = ai+a2 + a' with ai G 5*(Xiny2;Q), 02 G 5*(X2nyi;Q), a' G 5 *(X';Q) 
and, of course, 5 *a G S*(y';Q). Then a' represents a' and ai represents ai. 
It follows that the image of (3 in H*{Y, Ti; Q) along the two ways of the first 
diagram of the claim has representative ra H ai and d^{z n a') = {—l)'^^^^z n 
9 *a' (by Theorem 15.71 (6)). We claim that these elements determine the 
same homology class. Note that, since 2^|5^(Xiny2 Q) = 0 have z' Hai = 0. 
Hence, by Theorem l 5 . 71 161 . we have d^,(z'riai) = (9*2;'nai + (— 

= d*z' n ai + (-l)d®g^y n d^a - n 5*02 - {-l)'^^^^z' n 5 *a'. But 

we have (i) d*{z' n ai) = rc fl oi since oi G 5 *(Xi;Q) and uz|5,(Xi;(Q) = 
(h) 2;'n5*a' = zCid^a' since 5 *a' G 5 *(X';Q) and -2|5 (x'-q) = 
and (hi) yn 5 *a —z'n5*a2 G ^^(yi;^) because 5 *o and 02 are in S'*(yi;Q). 
Hence, ^^,{z' H ai) — [re n ai — (— fl 5 *o'] G ^^(yi;^) as required. 

It remains to show the commutativity of the second diagram of the claim. 
Let 7 G H*{X, X2; Q) and take u G Z*(X, X2; Q) a representative of 7. Then 
we have u fl (02 + a') = 0 because 02 + a' G 5*(X2;Q) and U|5,(jV2;Q) = 0 . 
Hence, tt n o = u H ai as required. □ 
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□ 


Corollary 5.10 If we take Xi = X, X 2 = V, Yi = U and Y 2 = W in 
Provosition \5.8[ then we get the following commutative diagram 




■H*{X,V;i 


b*o{i*)- 


■H*{W,VnW;i 


no' 

H,iV,VnW;Q) 


fc*o( noi) 

H,{X, W; Q) - - -- II,(W, U; Q). 
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